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Abstract 
Micro-milling applications require high precision and dimensional accuracy. Chatter vibrations arising from unstable cutting conditions cause 
poor surface finish and damage to the cutting tools. Tool point frequency response functions (FRF); needed to generate stability diagrams, cannot 
be determined experimentally due to very small tool size. In this study an analytical model for tool point FRF of micro end mills is presented. An 
inverse algorithm is proposed to correct geometric representation and damping of the tool. The model and the correction methodology presented 
improve productivity and part quality in micro-milling through accurate prediction of chatter stability limits, enabling better cutting parameter 
selection. 
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1. Introduction 
Chatter is a common problem in machining operations 
causing poor surface finish and damage to cutting tool. In order 
to avoid chatter stability diagrams are needed. One of the 
requirements for generating the stability diagrams is tool point 
frequency response function (FRF). Experimental modal 
analysis is the most common method of determining the tool 
point FRF [1]. However, due to their fragile structures, impact 
testing is not suitable for micro-milling tools. Therefore other 
methods must be utilized in order to obtain tool point FRFs of 
micro-milling tools. Schmitz et al. [2-3] proposed the 
receptance coupling method to obtain tool point FRFs of multi 
segmented Euler-Bernoulli beams. Ertürk et al. [4] modeled the 
segments of the structure with Timoshenko beam model. In 
micro-machining, Mascardelli et al. [5] used the receptance 
coupling method to couple the micro tool FRF obtained by 
finite element method with the spindle-holder FRF measured 
with modal experiments. Rahnama et al. [6] worked on the 
cutting process dynamics and considered process damping 
effects in stability diagram generation. Park et al. [7] modeled 
the uncertainty during cutting process by considering cutting 
parameters as variables that are changing within certain range. 
Jin et al [8] measured the FRF at fragile tool tip with specially 
designed piezo-actuator which is capable of exciting the tool tip 
without damaging it. Bediz et al [9] also presented an 
experimental approach to measure the tool tip FRF with a 
custom made excitation system.  
In this paper, a new method to obtain the tool point FRFs of 
micro tools is presented. The presented inverse stability 
analysis, which enables us to obtain the modal parameters from 
the chatter tests, is verified with experiments. The analytical 
model for obtaining tool point FRF presented by Özşahin et al. 
[10] is updated according to the results of the inverse stability 
analysis. A considerable increase in the damping ratio of the 
cutting tool is observed. 
2. Inverse Stability Method for Micro Tools 
As proposed by Budak et al. [11] and Özşahin et al. [12], the 
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axial depth of cut and the chatter frequency can be calculated 
as follows; 
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Here, Gxx and Gyy are the tool point FRFs in x and y directions, 
respectively. Chatter frequency is represented by ωc, and the 
axial depth of cut is represented by alim. N is the number of 
cutting teeth, Kt is the tangential cutting force coefficient, r is 
the ratio of the radial and tangential cutting force coefficients, 
ϕst and ϕex are the start and exit angles of the cutting tooth, T is 
the tooth period. The tool point FRF in each direction can be 
expressed as follows; 
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In the inverse stability approach the modal parameters in the 
FRF are the unknowns and the chatter frequency and depth of 
cut are the values obtained experimentally. The modal 
parameters can be identified by equating the experimentally 
obtained chatter frequency and corresponding axial depth of 
cut with their analytical definitions. 
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For each mode in the two orthogonal planes there exists 3 
unknowns which are modal constant, natural frequency, and 
damping ratio. However, equating experimentally and 
analytically obtained chatter frequencies and axial depths of 
cuts, yields only 2 equations.  On the other hand, it is possible 
to reduce the number of unknowns by considering the 
characteristics of stability diagrams. It is known that usually a 
dominant mode in the FRF is responsible for the stability 
diagram. Thus, it is possible to assume one mode in the FRF 
and remove the summation sign in equations (11) & (12). 
Doing so would reduce the total number of unknowns to 6, 
which are the 3 modal parameters for x and y directions each. 
The number of unknowns can be further reduced by 
recognizing that in micro-milling tool point FRFs in x and y 
directions are the same. Thus the equations (11) & (12) reduce 
to a single equation after replacing the frequency ω in the FRF 
expressions with chatter frequency ωc. 
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The only unknowns in equation (15) are the 3 modal 
parameters. Therefore, 2 equations with 3 unknowns can be 
obtained. In order to solve this problem the number of 
equations will be increased by performing more experiments. 
This is possible since doing experiments at different spindle 
speeds and depth of cuts would give us a new set of 
experimental chatter frequency and depth of cut in equations 
(13) and (14).   
 
By rearranging the equations (1) and (10), it is possible to 
express ΛR and ΛI as follows. 
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Substituting equations (4), (5), (16) and (17) into equation (3) 
and replacing FRF terms Gxx and Gyy with equation (15) would 
give us following complex equation.  
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Equation (18) is a complex equation with 3 unknowns which 
are ωn (natural frequency), ξ (damping ratio), and A (modal 
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constant). In order to obtain axial depth of cut and chatter 
frequencies, experiments need to be carried out. If the same tool 
with the same overhang length is used in experiments, the FRF 
of the tool would remain the same. Therefore, performing 
experiments at different depths of cut and spindle speeds would 
increase the number of equations without increasing the 
number of unknowns. For example experimenting three times 
would result in 6 equations with 3 unknowns and these 
unknowns could be solved for using the method of least 
squares. 
3. Chatter Tests 
Chatter tests are performed using a 0.6mm diameter carbide 
micro-end mill. The experimental setup is shown in Fig. 1. 
The workpiece used in the experiment is AISI 1050 steel. 
An acoustic emission sensor and a microphone are used to 
record the sound throughout the process. Frequency content of 
the recorded sounds is inspected to determine the chatter 
frequency. After performing chatter tests at 3 different spindle 
speeds and depths of cut, the inverse stability analysis is 
utilized to obtain the modal parameters. The performed test 
parameters are given in Table 1. From the obtained modal 
parameters a stability diagram is generated. 
Table 1. Experiment Parameters and Measure Chatter Frequency 
Spindle Speeds[rpm] Depths of Cut[μm] Chatter Frequency[Hz] 
19,000 100 3,613 
20,000 200 3,755 
21,000 100 3,652 
Table 2. Modal Parameters Obtained with Inverse Stability Analysis 
Modal Parameters Values 
Natural Frequency 3511 Hz 
Damping Ratio 0.1121 
Modal Constant 39.74 
The generated stability diagram and the experimental data 
points used to obtain the modal parameters are plotted in Fig.2.  
The generated stability diagram is verified with further 
experiments as shown in Fig. 3. 
The performed chatter tests were in agreement with the 
generated stability diagram. Then the analytical model which 
is based on the model presented by Özşahin et al. [10] is 
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Fig. 4. Analytical vs. Experimental FRF 
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Fig. 5. Updated Analytical FRF vs. Experimental FRF 
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updated.  The FRF of the cutting tool obtained analytically and 
with the inverse stability analysis are shown in Fig. 4.  The 
model is updated by increasing the damping ratio from 0.05 to 
0.1 and the resulting FRFs are shown in Fig. 5. 
4. Conclusions 
In this study, a method for identification of micro milling 
tool dynamics is presented with experimental verification. The 
method is based on inverse stability analysis where the modal 
parameters obtained from chatter tests are used to update the 
analytical model to better represent the micro-end mill tool tip 
dynamics. First, several chatter tests were performed and the 
obtained data are used to get the modal parameters for the 
cutting tool tip FRF. Using the modal parameters a stability 
diagram is generated and it is verified with further chatter 
experiments. Then, the model parameters obtained from the 
experiments are used to update the analytical model to better 
represent the micro-end mill tool tip dynamics. The model is 
updated by increasing the damping ratio of the cutting tool 
material. Some of the increase in the damping can be attributed 
to the process damping; which was not considered in this study. 
Further experimentation is needed to clarify this point. 
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